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Optimization of Viscoelastic Compliant Walls
for Transition Delay

Andrew E. Dixon,* Anthony D. Lucey, and Peter W. Carpentert
University of Warwick, Coventry CV4 7AL, England, UK

The potential of wall compliance for delaying boundary-layer transition through the attenuation of Tollmien-
Schlichting waves (TSW) has been recognized in many previous theoretical studies. The present paper seeks to
determine the best transition-delaying performance possible using compliant walls made from viscoelastic mate-
rials for marine applications. The wall may take the form of either a homogeneous slab of material or a thin, stiff
upper layer resting on a thick, soft substrate, the latter type holding the most promise in the practical use of com-
pliant walls, To determine the growth rates of the TSW, a highly efficient means of solving the coupled Orr-Som-
merfeld/compliant-wall eigenproblem is presented. Using spectral methods, the eigenproblem is cast in a matrix
form which can then be solved using an SIMD parallel computer. What prevents the use of very soft compliant
walls to suppress TSW completely is the existence of hydroelastic instabilities in the wall/flow system, namely
traveling-wave flutter (TWF) and divergence. Efficient methods are also presented for the evaluation of these
wall-based instabilities. A thorough investigation of the effects of the wall configuration and its material proper-
ties is carried out. Both single- and double-layer walls are optimized over the full range of wall parameters. It is
shown that the best performance of single- and double-layer viscoelastic walls, respectively yield 2.5- and 5-fold
delays of transition when compared with a rigid wall. These factors have been achieved using the conservative

value of » = 7 in the " calculations.

I. Introduction

HE concept of using a compliant wall to postpone laminar-

turbulent transition in marine applications originated with
Kramer."? Substantial drag reductions, as compared with a rigid
control body, were observed in tests on his compliant-coated mod-
els. There was not, however, any direct evidence that transition
delay was responsible for the drag reduction. Also, the physical
mechanism, proposed by Kramer to explain how wall compliance
favorably affected transition, was not supported by the early theo-
retical studies of Benjamin,>* Landahl,” and Landahl and Kaplan.6
Moreover, the attempts made to corroborate Kramer’s results in
experimental work carried out soon after publication of his papers
all ended in failure. (See a review by Bushnell and Hefner.”) Con-
sequently it became a widely held view that wall compliance was
not a viable method for maintaining laminar flow and, sadly, for
some considerable time Kramer’s pioneering work was largely
dismissed.

The past ten years have seen a re-examination of Kramer’s com-
pliant-wall concept. A substantial body of theoretical and experi-
mental work® 20 now exists which demonstrates that wall compli-
ance is, indeed, a viable method for transition control. The reader
is referred to Riley et al,>! Gad-el-Hak,”® and Carpenter?® for
reviews of this work. However, it is worth noting here that wall
compliance finds practical relevance only in marine applications.
For the types of wall-flow interaction necessary in this technology
the densities of the two media—fluid and solid—need to be com-
parable. Water and rubber-type materials are well-matched and
permit the construction of a robust compliant coating. In the
present paper the question of whether compliant walls can be used
to maintain laminar flow is regarded as settled. Accordingly we
move forward to consider such issues as:

1) What limits the transition-delaying performance of a compli-
ant wall?
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2) What is the greatest possible transition delay achievable?

3) What wall properties give the best performance?

These questions have already been satisfactorily answered!'!->*
26 for the plate-spring compliant wall originally introduced by Car-
penter and Garrad® as a theoretical model of the Kramer coating. A
different type of compliant wall is illustrated in Fig. 1b, compris-
ing a soft viscoelastic substrate surmounted by a thin, much stiffer,
outer layer. This type of wall was used in the experimental studies
of Refs. 14-16. Such walls are simpler to manufacture than those
of Kramer, and are commonly regarded as being more practical.
On the other hand the theoretical modeling is considerably more
involved for these two-layer walls as compared to the plate-spring
type. Nevertheless the difficulties have now been overcome and an
optimization study, addressing the questions posed earlier, is pre-
sented hereafter for the types of wall illustrated in Fig. 1. First,
however, the physics underlying the optimization procedure will
be reviewed.

Theoretical studies, including the early work of Benjamin and
Landahl, show that as the wall compliance is increased the growth
of the Tollmien-Schlichting waves (TSW) is progressively sup-
pressed. In fact, if the wall were to be made sufficiently compliant
the TSW would be completely stabilized, resulting in the mainte-
nance of laminar flow for indefinitely high Reynolds numbers. Not
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a) r Rigid base
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Schematic of the compliant wall, a) single layer and b) double

Fig. 1
layer.
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surprisingly this ideal situation cannot be realized in practice. The
compliant wall itself is also a wave-bearing medium.'2 It supports
another two classes of essentially wall-based waves, in addition to
the essentially flow-based TSW. When the wall is sufficiently
compliant both of these wall-based waves can develop into
hydroelastic instabilities. There is also the further possibility that a
wall mode and TSW coalesce to form a new, more powerful, insta-
bility. As will be explained later it is these wall-based instabilities
that limit the transition-delaying performance of compliant walls.

The wall-based or hydroelastic instabilities are reviewed else-
where,? so only a brief description is given here. The two types of
hydroelastic instability are usually termed divergence and travel-
ing-wave flutter (TWF). The former occurs when the conservative
hydrodynamic pressure forces generated by a small disturbance on
the compliant surface outweigh the restorative structural forces in
the wall. The numerical simulations of Lucey and Carpenter?’-8
show this instability to take the form of a very slow downstream-
traveling wave in agreement with the experimental observations of
Hansen and Hunston®-** and Gad-el-Hak et al.3! Furthermore, the
numerical simulations confirm the view advanced by Carpenter
and Garrad’ that divergence is an absolute instability developing in
both the upstream and downstream directions from the point of ini-
tiation. This implies that divergence would destroy any transition-
delaying capability and must therefore be avoided.

TWEF is a more subtle instability than divergence. It is convec-
tive in nature like the TSW, but travels much faster at close to the
freestream speed. The instability mechanism, as first explained by
Benjamin,” is the irreversible transfer of energy from the flow to
the wall due to the work done by the fluctuating pressure. Unlike
the TSW the TWF instability mechanism is essentially inviscid,
although the shear flow plays a vital role. If the boundary layer
were absent, leaving only unsteady potential flow, the fluctuating
normal velocity and pressure at the wall would be precisely 90 deg
out of phase and no irreversible energy transfer would take place.
Whereas, provided that the phase speed of the wave is less than the
freestream speed, the presence of a shear flow in the form of a
boundary layer causes a phase shift to occur between the fluctua-
tions in pressure and normal velocity, thereby ensuring that there
will be irreversible energy transfer to the wall. The physical mech-
anism allows an accurate prediction to be made very simply for the
onset speed of the TWF in the case of the plate-spring compliant
walls.%2

Like the TSW, the TWF is a convective instability. Therefore, it
may well be considered that it is only necessary for its growth rate
1o be less than that of the TSW. It is, in fact, a far more dangerous
instability than the TSW. This can be appreciated from a compari-
son of the neutral curves for the two types of instability shown in
Fig. 2. It can be seen that for a fixed frequency the TSW only
grows over a relatively narrow range of Reynolds number,
whereas the growth rate of the TWF remains at a high level for an
indefinitely high Reynolds number. The TWF has been shown by
Lucey et al.* to be responsible for the very sudden onset of transi-
tion observed in some of the experiments given in Refs. 14-16.
Furthermore, under certain conditions the TWF and TSW may
coalesce to form a very powerful absolute instability.®!02023 Thys
it is evident that the TWF must also be avoided if transition post-
ponement is to be achieved.

Energy dissipation in the wall (or damping) was considered to
be an important and beneficial property by Kramer'?? who care-
fully optimized the level of wall damping in his tests to obtain the
greatest possible drag reduction. He suggested that damping acted
to dissipate the energy transferred from the TSW to the wall.
Benjamin® showed that this rather plausible explanation s, in fact,
false. Damping actually leads to increased growth of the TSW. But
this does not mean that damping in the wall always has a deleteri-
ous effect on transition postponement. As shown in Fig. 2, damp-
ing has opposite effects on the TSW and the TWF, that is it
reduces the growth of the latter and postpones its onset to a higher
Reynolds number. Furthermore, the beneficial effect on the TWF
is much more pronounced than the adverse effect on the TSW.
Thus, as suggested in Ref. 8, the true role of damping in the
Kramer coatings was to delay the onset of TWF, thereby allowing
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a more compliant wall to be used. The beneficial effects of
increased compliance in reducing the growth of the TSW more
than offsets the detrimental effects of damping. Damping is used in
this way for the optimal compliant wall designs presented later.
There has been some controversy concerning the effect of damp-
ing on divergence. But numerical simulations?’ have confirmed
the view advanced in Ref. 9 that the onset speed of divergence is
unaffected by damping.

The first attempt at determining the compliant wall properties
for obtaining the greatest transition delay was made by Gyorgy-
falvy.®* In the present paper the optimization strategy developed
by Carpenter and Morris,!! and by Carpenter®*?® is followed. The
compliant wall is required to be marginally stable with respect to
divergence and TWF. This procedure results in a restricted set of
optimal wall properties characterized by one or more wall parame-
ters. These parameters are then varied to find the wall properties
giving the greatest transitional Reynolds number as determined by
the ¢” method.

The remainder of the paper is set out as follows. The formula-
tion of the coupled Orr-Sommerfeld/compliant-wall eigenproblem
is described in Sec. II. A very large number of eigenvalues are
required to implement the optimization procedure for the walls of
Fig. 1b. Thus rapid solvers are all but essential. For the TSW this
has been achieved by developing a Chebyshev-Tau spectral
method for numerical integration of the Orr-Sommerfeld equation
in a form suitable for implementation on a massively parallel
SIMD computer. This method is described in the first part of Sec.
II1. The multideck asymptotic method of Carpenter and Gajjar®
has been adapted for making rapid predictions of the TWF. This is
described in the second part of Sec. III. The final part of this sec-
tion describes the rapid methods used to predict divergence. Using
these methods systematic optimization procedures are imple-
mented for both the single-layer (Fig. 1a) and double-layer (Fig.
1b) walls and described in Sec. IV where the results are presented
and discussed. Finally, the conclusions drawn from the study are
given in Sec. V.

II. Formulation of the Coupled Eigenproblem
The types of wall under investigation in the present study take
the form of single- or double-layer viscoelastic materials. These
are illustrated in Fig. 1 together with a suitable coordinate system.
The wall dynamics are modeled by the Navier equations:
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Fig. 2 Neutral-stability curves and growth rates of TSW and TWF
for the double-layer wall showing the effect of substrate damping: —,
Ys = 0.010; — — v, = 0.015; — - — v, = 0.020; substrate G, = 0.417 and
d =1.80. upper-layer: E, = 111.1, v, = 0.5 and b = 0.1200; flow: Re; =
50000 and v = 10-%m?/s.
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where x and z are, respectively, in the directions parallel and nor-
mal to the flow, (1, N,) is the wall-displacement vector, p; is the
density of the wall material and G, and K| are the shear and bulk
moduli defined by:

E E

S 5

G. = —_*% K =— "5
s 2(1+VS)’ $ 3(1-2v)

with E_ and v, being, respectively, the elastic modulus and Poisson
ratio of the material. Harmonic time variation is assumed hereafter
and this permits the use of complex moduli to model viscoelastic
effects. Thus, the shear modulus is written as:

Gy =G(1 +iyy) )

The numerical methods used would allow both the shear modulus
G and damping coefficient y, to be arbitrary functions of fre-
quency. However, for simplicity, both quantmes are assumed to be
invariant with frequency.

Nondimensionalization, denoted by overbars, is based on the
fluid density, p;, flow speed, U,, and displacement thickness, &
(for distances normal to the wall). A conventional Reynolds num-
ber, Reg+, based on the boundary-layer dispacement thickness is
used to characterize the flow. Also introduced is a fixed reference
Reynolds number, Re; = U,,L /v, which generates a suitable length
scale L for the nondimensionalization of the wall properties. It is
immediately apparent that the two length scales being used herein
are related through L = §"(Re; /Rej+). Thus, for example:

G = —, z= é (fluid), z = % (wall)
U

Perturbations are assumed to take the form of a two-dimensional
traveling wave with real angular frequency ® and complex wave-
number, o = (0tg + ioy), where o, is the wave-number and —oy is
the growth rate of the disturbance. Thus

i(ox ~ot)

M, M) =8 (A, My e +cc=8"(A,NE+cc  (3)

where c.c denotes the complex conjugate. This assumption admits
relatively simple solutions to the Navier equations. In the present
work, wall boundary conditions require zero displacement where
the layer is adhered to its rigid base so that 7, (~d ) = M, (-d ) =0
where d is the thickness of the compliant layer. Tangential and
normal stresses due to the perturbation (1, 1) are given by

s an, on )
sy _ 1 2
O = G( dz " 9x ox (42)
s an ( 1 )(an on )
( ) 2 1 2
= 26,2 +| K, +3G, || 57+ = (4b)

Tuming attention to the boundary-layer flow, linearization
together with the assumptions of two-dimensional traveling-waves
and locally parallel flow yield the Orr-Sommerfeld equation:

(U-®/8) (0" -a’0) - U"¢

= (1/iGRes.) (9" —207¢" + 0 0) ®

where primes denote differentiation with respect to z, the pertur-
bation velocity is given by

(&) = [¢(2),—iad(2)]&+cc

and U is the Blasius boundary-layer profile. The outer boundary
conditions require that the perturbation velocity tends to zero.
Thus

¢—0, ¢ >0 for z = o 6)

The fluid shear and normal stresses, due to the perturbation, are
given by'!

~(f) =(f)
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The wall and flow solutions are coupled by imposing continuity
of velocity and stress at the interface. The first of these gives at
z=0

®)
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whereas the matching of tangential and normal stresses between
wall, Egs. (4a) and (4b), and fluid, Eq. (7), (having enforced the
lower wall and outer fluid boundary conditions) can be written in
the form:

Agd+A ;0" + 4,07 = A,y (%a)

Apd+A,L0" +A507 = Ay (9b)

where expressions for A;; are given in the Appendix. For a single-
layer wall, Ay = Ayy = 0 However, a double-layer wall can be
closely approximated by introducing a stress discontinuity, i.e.,
nonzero A;;, at the interface. If the upper-layer takes the form of a
thin, stiff plate, expressions for A; can be found using classical
thin-plate theory for which the shear and normal stress contribu-
tions are found from:

(p) 82T‘lw a nlw
Gy = Pb——Eb (10a)
or ox’
821] 841]
(py _ 2w 2w
n = pb atz +B”——ax4 (10b)

where (N,,,,N2,) are the displacements of the compliant surface;
E, v, and b are, respectively, the modulus of elasticity, Poisson
ratio, and thickness of the plate. Bp is the flexural rigidity of the
plate which is given by:

Eb

P 12(1-v2)

Its nondimensional form is given by B » =B,/p;U iL3 .
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Figure 3 shows that the use of this mathematical model for the
mechanics of the double-layer wall (comprising a thin, stiff layer
adhered to a relatively thick, soft substrate) is justified. This com-
pares a dispersion curve for a compliant wall in vacuo, calculated
using the thin-plate approximation, with that obtained from a full
double-layer solution found by solving the Navier equations in
each layer. The data used is representative of the types of wall used
in the optimizations of Sec. IV. Also included in this figure is a
single-layer compliant-wall result (obtained by simply removing
the upper layer) and the result for the above plate-substrate model
with the upper layer tangential stiffness, normally given by Eq.
(10a), set to zero. For such walls the horizontal restraint provided
by the upper layer is evidently important. 1t is therefore noted that
the thin-plate model is a reliable approximation when the upper
layer thickness is small compared to the wavelength of the distur-
bance.

III. Numerical and Theoretical Solution Procedures
Numerical Solution of the Orr-Sommerfeld Equation

It is necessary to integrate numerically the Orr-Sommerfeld
equation (5) subject to the boundary conditions given by Egs. (6),
(8), and (9). To do this with high computational efficiency a
Chebyshev-Tau method has been developed for use on a massively
parallel SIMD computer. (An AMT DAP510 with 32 X 32 proces-
sors was used.) After discretization, the Orr-Sommerfeld equation
is written in matrix form and becomes a nonlinear eigenvalue
problem for the complex wavenumber. The eigenfunction is
approximated by an Nth-order Chebyshev series:

N
o) =@ = 3 6T, [E(2)] = 1[E(2) 1 (11)

i=0

where @ is the vector of Chebyshev coefficients. The vector func-
tion ¢ [£(z)] is formed from the Chebyshev polynomials, 7; [E(2)],
and &(2) is a scaling function which maps z from the semi-infinite
domain [0, =) onto [—1, 1].

Differentiation and multiplicative operations are carried out as
follows. A matrix D exists*® such that

'd&, ¢(N)(Z) = E@IDD) (12)
2
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Fig. 3 Free waves for single- and double-layer compliant walls. Sin-
gle-layer Es = 1.338, v, = 0.49, d = 1.74 and v, = 0; the double-layer
wall comprises a substrate with the wall and flow properties given
above plus an upper layer with E, = 118.9, v, =0.5, b =0.116, and v,
= 0; in addition, U_= 5.8; m/s and 8" = 0. 431 mm have been used for
nondimensionalization; , single-layer wall; O, double-layer wall
with upper-layer horizontal stiffness suppressed; — — double-layer
wall; A, full double-layer wall solution.

That is, the derivative of a Chebyshev series can be found by pre-
multiplying the vector of Chebyshev coefficients by the matrix D.
Furthermore, the product of two Chebyshev series fiyy(§) and dovy
can be expressed as:

fony &g, = tEFD) 13)

where F is a (N + 1) X (N + 1) matrix dependent on the elements
of the Chebyshev coefficients of f(N)(&) and is termed the product
matrix of f(N)(i) The derivative matrix with respect to z can then
be expressed as:

D,=WD (14)
having used the chain rule and where W is the product matrix of
the Chebyshev decomposmon of d&/dz in terms of T;[E(z)]. The
higher derivatives, D (i = ..), are similarly found.

It is now possible to reduce the Orr-Sommerfeld equation to the
analogous matrix equation:

M(0; ®, Rege)® =0 (15)
where

M(G.; ®, Regs) = [I1G* + [iRegsU0 — [2D7 + iReg® 110

+ [iRegs(E — UD)]G + [D} + iReg:@ D] (16)

The matrices U and E are, respectively, the product matrices of the
Chebyshev decomposition of the boundary-layer velocity profile,
U, and its second derivative, U”. The correspondmg vectors of
Chebyshev coefficients are denoted by & and D i. All of the
matrices on the right-hand side of Eq. (16) can be assembled
directly and stored. On a SIMD machine, the matrix M(&(; ®,
Reg+) can then be found efficiently, for different values of its argu-
ments, using parallel addition.

To implement the interfacial boundary-conditions the Tau
method was chosen. The operations described above can be used
to find the discretized form of the boundary conditions. For exam-
ple, Eq. (9) becomes:

(Agdy+Apd; +Ayud)® =0

where d, = t[£(0)]1D, (i=0,1,2) amn
for the single-layer case. The vectors d; are evaluated first and
stored, making it possible to update the boundary conditions for
different A;; efficiently using vector addition. The outer boundary

conditions, Eq (6), become:
t{E(o)]® =0 (18a)

1lE()ID; & =0 (18b)

The four boundary conditions replace the last four rows of the
matrix M.

The algebraic mapping from the physical to the computational
domains is:

—

- 1+8
=10t (19)

N

where the value of h was selected for greatest accuracy. In conse-
quence, Eq. (18b) is automatically satisfied, thus requiring a stron-
ger condition to be imposed. Since the solutions decay exponen-
tially in this region it can be shown that as z — oo, ¢z — 0. This is
then taken as the second outer boundary condition.
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For a given Reg« and ®, Eq. (15) is a nonlinear eigenvalue prob-
lem for . In the rigid-wall case, M takes the form of a polynomial
in o with matrix coefficients which can be solved globally. When
a one- or two-layer compliant wall is introduced it takes the form
of a transcendental equation for & making a global solution
impossible. Thus a local iterative method must be used. The proce-
dure, derived by Bridges and Morris®’ is defined by:

Qpyp1= 0~ U/ Tr(M™ (@ )M5 (00} (20)

where Tr{} denotes the trace of the matrix enclosed in the brackets
and M is the derivative of M with respect to & . For convenience,
reference to the other parameters has been dropped. All the opera-
tions in Eq. (20) can be carried out efficiently on a parallel
machine. The derivative was found analytically for the Orr-Som-
merfeld terms and numerically for the boundary-condition terms.

With 31 modes included in the Chebyshev expansion, accuracy
to four decimal figures was attained for the eigenvalue of the Toll-
mien-Schlichting mode for the rigid-wall case. These results
showed good agreement with those of Jordinson.3® For the case of
compliant-wall boundary conditions, 40—48 modes were necessary
to achieve the same accuracy. These results agreed favorably with
those of Yeo.3® For the TWF mode, 63 modes were necessary.
This more severe requirement is due to the fact that the TWF
eigenfunction decays on a shorter length scale than that of the
boundary-layer thickness, thereby requiring more collocation
points to describe it accurately.

In the compliant-wall calculations, the radius of convergence
was found to be very small. At least two significant figures were
necessary for the initial estimate before convergence was obtained.
However, the computational efficiency of the method renders it a
powerful tool for the repeated calculation of eigenvalues under-
taken for the wide range of wall parameters considered in the opti-
mization procedures of Sec. IV.

Asymptotic Method for Predicting Traveling-Wave Flutter

The evaluation of TWF behavior can be carried out by solving
the Orr-Sommerfeld equation using the methods presented above.
Despite their efficiency, the use of these methods can be computa-
tionally expensive when predicting TWF because faster alternative
methods are available. The onset of TWF occurs when the phase
speed of the surface wave is very close to the freestream flow
speed.*? Consequently, solutions to the Orr-Sommerfeld equation
for this mode can be very difficult to locate and track, possibly due
to problems associated with the continuous spectrum. In many of
the cases studied here, then, it is only practical to use the following
method of TWF prediction.

The flow solution is obtained from Carpenter and Gajjar®> and
adapted for the present types of compliant walls. They used a mul-
tideck approach to obtain a general asymptotic solution to the lin-
earized Navier-Stokes equations for a boundary layer over a com-
pliant wall. The boundary-layer structure is modeled by a viscous
wall layer, an inviscid shear layer, and an outer potential flow.
This is a high-Reynolds-number asymptotic solution which addi-
tionally assumes long-wavelength disturbances, i.e., small &. In
the following, the phase speed, ¢ = w/a, is introduced and subse-
quently all wave speeds are nondimensionalized using U,,. The
nondimensional amplitudes of the tangential and normal fluid
stresses at the wall/flow interface take the forms:

—(f) R —
6, =a[rn, +7Tn,] (21a)
—(f) _ = - =
6y, = [P, +P0, ] (21b)
where
T, = ea"°C,,e" (1+i) /N2 (222)
— 12 ~\2 . T~
T,=¢ta C,,(1-8) (-1+i)/V2¢ (22b)

P, = —ea'"C,,(1-2)* (1-i) /\2¢ (22¢)

P, = sz(l—c)2+6LCm2{25~%1— (l«c)zd)w(E)}

ea'c (1-8)* (1+1)

22d
m2 E5/2 N2 ( )

C,» 1s the ratio of fluid-to-substrate densities, H is the boundary-
layer shape parameter (H = 2.591 for the Blasius profile) and
@, (¢) is a known complex function which is assumed (in this
application) to be dependent only on the real part of the complex
phase speed. Interpolation functions for @, (¢) are given in Ref.
35. The small parameter, € = 1/V Rej. , follows from the scalings
in the multideck structure.

The first term on the right-hand side of Eq. (22d) represents the
contribution from the purely potential flow -outside the boundary
layer which gives pressures exactly in phase with vertical displace-
ments of the wall. The second term accounts for the inviscid shear
layer; this applies a phase shift to the otherwise conservative
forces through the complex function, ®,.. It is this phase shift to
the pressure which allows the irreversible energy transfer from the
flow into the wall that can lead to TWF. The third term in Eq.
(22d) together with all of Egs. (22a—22c) account for the effect of
the viscous wall layer. These terms also provide a mechanism for
irreversible energy transfer between the flow and the wall.
Whether or not TWF occurs depends on the balance of all of these
rates of wall/flow irreversible energy transfer and the rate of dissi-
pation of wall energy through damping. A fuller account of the
various energy-transfer mechanisms is given in Refs. 11 and 23.

The usefulness of this flow solution can be seen from Eqs. (21):
the fluid stresses are written as linear combinations of the wall per-
turbations. Thus, the solution for the complete wall/flow system
reduces to merely solving the wall equations subject to four
boundary conditions, namely continuity of wall/fluid stresses at
the interface and zero displacement at the bottom of the compliant-
wall layer. Following the methods of Duncan, Waxman, and
Tulin,!? the Helmholtz decomposition is used to write the displace-
ment vector, (N;,M,), as a sum of its rotational and irrotational
parts. Solutions of the Navier equations, (1), can then be found by
considering a pair of second-order differential equations. By
assuming traveling-wave disturbances, these admit simple solu-
tions and the reconstituted nondimensional disturbance vector is
then found to have the amplitude components

M, = iosinh(0K,l2) A| + it cosh{0K,IZ) A,
+ 0K, cosh(0K;1z) A; + QK sinh (K IZ) A, (23a)
M, = &K, cosh(aK,iz) A, + 0K, sinh(aK, /z) A,
—ia sinh (0K iZ) A;—iG cosh(0K IZ) A, (23b)

where I = Re; [Reg+ and

2 2

Ki=1-(e/cp’,  Ki=1-(e/c)’

The dimensional transverse and dilational wave speeds in the solid

are given by
fs K, 4G,
cr= [=, = |—+
) FoAp, 3p,
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InEq. (23), A, (i =1, 2, 3, 4) are constants of integration which can
be determined by imposing boundary conditions. The requirement
of zero displacement at 7 = —d provides two of these, the other
two are obtained from Eqs. (4a) and (4b) in the following way. At
the top of the wall layer, the stresses in the solid are found by
introducing Egs. (23a) and (23b) into the non-dimensional form of
Egs. (4a) and (4b). These are then equated to the fluid stresses
which are obtained from substituting Eqs. (23a) and (23b) into
Egs. (21a) and (21b). When a thin upper wall layer is present, a
discontinuity of stresses is introduced at the interface as discussed
in Sec. II. The enforcement of these four boundary conditions
yields a linear system of equattons (of order 4) for the unknowns,
A,. In matrix form it is described by:

Sa=0 Q4

where a is the vector of the coefficients, A;. The stipulation of non-
trivial solutions yields the eigenvalue problem:

det[S(a; ¢, Reg)] =0 (25)

This has been solved numerically using the method of false posi-
tion. In the formulation given above either spatially growing
waves (0. complex, ® real) or temporally growing waves (¢ com-
plex, o real) can be assumed. The latter form is more convenient
for computing the TWF and has been used for the present work.
Both forms, of course, give the same results for neutral stability.
Further details of the above procedures, together with a listing of
the elements of §, are given by Lucey et al.>}

The method described previously has been compared with
numerical solutions of the Orr-Sommerfeld equation for a variety
of cases. Provided that the condition of small & is adhered to,
good agreement is found with a tendency for the asymptotic
method to produce slightly pessimistic estimates of instability. In
the context of compliant-wall design, this type of disparity is
acceptable.

Divergence Prediction

It has been shown by Lucey and Carpenter?’ that divergence
instability first occurs at the flow speed for which a formerly
upstream-traveling surface wave turns to travel downstream under
the influence of the hydrodynamic forces. Onset can therefore be
considered to occur at the flow speed for which ¢ first becomes
zero at some critical wavenumber. Figure 4 shows an identical dis-
persion curve to Fig. 3 except that a fluid flow has been included.
The flow speed is just below that at which divergence occurs; note
that the upstream branch comes very closeto cp=0at & = 0.1. In
the absence of damping, this branch has neutral stability (¢; = 0)
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Fig. 4 Dispersion curves for a double-layer wall showing TWF and
imminent divergence onset; All data as for Fig. 2; fundamental down-
stream-traveling wave, asymptotic flow solution: y CRy — — —
¢ X 100; fundamental upstream-traveling wave, potential flow: — —,
cg; ¢; = 0 throughout.

throughout the wavenumber range. Potential flow has been
assumed to generate this result. This gives somewhat pessimistic
predictions, since Kendall*® and Balasubramanian and Orszag*l
indicate that a scaling factor (less than unity) should be applied to
the hydrodynamic forces to account for the effect of a boundary
layer. Also included in Fig. 4 is the dispersion curve for the down-
stream-traveling wave, calculated from the asymptotic flow solu-
tion. Note that TWF is occuring for wavenumbers in the range
0.07-0.23. Thus, for this undamped wall TWF is the critical wall
instability. However, the TWF could be eliminated by introducing
less than 1% damping. If this were done and the flow speed were
marginally increased then divergence would become the critical
instability since its onset remains unaffected by damping.

The exact flow speed U, at which divergence instability first
occurs can be found analytically upon consideration of Fig. 4. The
value of U, for which the upstream branch first intersects cp = 0 is
found. Assuming potential flow, then T, =T, = P, =0 and P, =
C,p(1 — £)*in Egs. (22) and the dimensional form of the disper-
sion relation, Eq. (25), can be expanded. For a double-layer com-
pliant wall, the appropriate divergence onset flow speed for a
given wavenumber is found by taking the limit ¢ — 0. Thus

prU5 =2G,W(ad, ¥) + (0b)’B, (26)
where x = ci/ ci and the function W is defined by

1+ (ad) (1 + ) + (1 -x") sinh” (ad)
(1 + %) sinh (ad) cosh (ad)— (1 - x)(ad)

w

Note that in the limit of an incompressible substrate, x — 0 and
thus W = W(od). The right-hand side of Eq. (26) can be evaluated
for a range of values of o to find the minimum value of U, and the
wavenumber of the critical divergence mode.

For a single-layer wall, the above result can be used with B, = 0.
However, the function W monotonically decreases with increasing
o. Thus, the lowest divergence onset speed is found where o — oo
(i.e., the critical mode has zero wavelength) with W — 1 and gives
that

prUs =26, 27

In contrast to the double-layer result, Eq. (26), this prediction is
very unsatisfactory since there is no dependence on the depth of
the layer. The experimental work of Gad-el-Hak et al®' clearly
showed that U, depends on the depth of the viscoelastic layer, as
might be expected on physical grounds because thicker layers are
more compliant. Furthermore, a finite critical wavenumber exists
which depends upon both the wall thickness and its shear modulus.
These features are present in the double-layer wall which may be
regarded as a resonant wall which has “preferred” modes. The sin-
gle-layer wall behavior is not fully understood but the assumption
of an infinitely long wall may underlie the present findings. Lucey
and Carpenter*”> have shown that the constraint of finiteness pro-
vides a second restorative component to flexible walls of a single
structural component thereby making them resonant. The recent
theoretical work of Werle et al.*} in which the hydroelastic stabil-
ity of a single-layer finite compliant panel is studied using the
finite-element method has shown the dependence of U, on the wall
thickness. However, at present, these numerical methods are far
less convenient than the simple analytical expressions of Eqs. (26)
and (27). Thus, the results of Egs. (26) and (27) will be used in the
knowledge that they provide conservative estimates of divergence-
onset flow speeds.

IV. Optimization Procedure and Results
Empirical evidence* suggests that the linear regime of transi-
tion ends when the local amplitude of the disturbance has grown to
approximately e’ times its initial amplitude. Further downstream
of the linear region, nonlinear effects become important and the
flow disturbances take on a three-dimensional character. Shortly
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Fig. 5 Variation of wall damping with substrate shear modulus which
gives marginal stability with respect to TWF for various upper layers:
single-layer wall (complete elimination of TWF), double-layer
walls (TWF first occurs at Reg, = 3600): — - —, b = 0.00534; — —, B,
=0.01067; — — —, B, = 0.01602; — - - —, B, = 0.02136. Other data:
d =180, b =0.1200, v, = 0.5, Re; = 50,000 and v = 10-°m?/s. The thick
vertical lines indicate the minimum value of G, (for each B, line)
required to prevent divergence.

after, the transition to turbulence takes place. For the flat-plate
boundary layer the linear regime represents some 80% of the total
transition region. It is therefore here that substantial benefits can
be gained by reducing the growth rate of the TSW mode in order to
delay transition.

The e" method of Smith and Gamberoni** for transition predic-
tion is used as follows. Knowing the growth rates in the region of
instability, the amplitude of a TSW with a given frequency can be
calculated as a function of the Reynolds number from

a;/a; = exp {_J f(x[ dx} (28)

in which ay is the amplitude at downstream location, x; where the
Reynolds number is Reg. and g, is the initial amplitude at x;, which
is taken to be at the lower branch of the neutral curve. The integral
is taken along a path such that the frequency parameter F (F = ®
X IOG/ReS*) is kept constant. F is made dimensionless in such a
way as to be invariant with respect to boundary-layer scalings and,
thus, distance along the plate. The lowest Reynolds number for
which as/a; = e’ can therefore be found by performing the previ-
ous calculations over a range of values of F. In practice, a set of 6
to 10 frequencies is generally adequate. The Reynolds number
determined in this way can be regarded as the limit of the linear
regime of transition.

For all of the following results, we have assigned the reference
Reynolds number, Re;, a value of 50,000 and have used a kine-
matic viscosity, v = 10 m%/s. To quantify the performance of a
compliant wall a transition-delay factor (TDF) is introduced. Fol-
lowing Gyorgyfalvy,3 it is defined by

B [ (Re's*)e7 ] compliant walt
TDF = [(Reg) ;] )

rigid wall

where (Reg.),7 is the Reynolds number for which max(a fla) = e’
The TDF yields a comparative measure of the distance from the
leading edge to the transition point.

It should be noted that the use of n = 7 in the ¢” method, rather
than the usual value of 9-10, is very conservative. Essentially, our

estimates of transitional Reynolds number are based on the limit of
the linear regime of transition. This conservative choice for n was
made because the effects of wall compliance in the nonlinear
regime of transition are relatively unexplored. All such recent
studies,'?*47 however, indicate that wall compliance maintains
its beneficial effect well into the nonlinear regime. This suggests
that we would have been justified in using n = 9.5, say; in which
case the substantial transition delays obtained would have been
even greater.

The wall properties are sought which give the largest possible
value of TDF. This search is carried out under the constraint that
no other unstable modes (TWF or divergence) are present which
might cause the transition to turbulence by an alternative mecha-
nism. As discussed in Refs. 8 and 9, the effects of increasing the
wall stiffness (achieved here by raising the shear modulus of the
lower layer and/or increasing the flexural rigidity of the upper
layer), decreasing the wall inertia or increasing the wall damping
tend to stabilize the TWF mode but increase the growth rates of the
TSW mode. Typical F-Reg, plots of neutral-stability curves for a
double-layer wall showing the effect of substrate damping are pre-
sented in Fig. 2. For reasons given previously the optimal compli-
ant wall must be marginally stable with respect to TWF. This
could be achieved by incorporating sufficient damping in the wall
in order to increase the critical Reynolds number for the TWF, so
that it is either effectively infinite or, at least, corresponds to the
trailing edge of the compliant panel. It must also be ensured that
the wall is not unstable to divergence.

Optimization of the Single-Layer Viscoelastic Wall

For an incompressible single-layer compliant wall there are
three wall parameters which can be varied when conducting the
search for maximum transition delay, namely, wall depth, shear
modulus, and damping. It is assumed that the density of the wall is
the same as the fluid. Soft compliant walls are unstable with
respect to TWF. As the shear modulus is increased, the growth rate
of this instability decreases as does the size of the domain of insta-
bility in the F-Reg, plane. A further rise in the shear modulus
causes the domain of instability to vanish rapidly, at least for all
the Reynolds numbers investigated (<10,000). For a given sub-
strate depth, the minimum value of the damping coefficient
required to eliminate the TWF has been plotted against the shear
modulus as the solid line in Fig. 5. Note that to maintain marginal
stability for the TWEF, a reduction in shear modulus must be
accompanied by increased wall damping. This curve has been
found to be largely independent of the wall thickness. The ¢”-type
calculations for the TSW mode were investigated along this mar-
ginal-stability curve. For a given substrate depth, a series of plots
were made of the logarithm of the TSW amplitude ratio, ((a f/ai),
for a range of frequencies. From these results, an envelope of max-
imum amplification (against the Reynolds number) can be deter-
mined. Such envelopes are presented in Fig. 6a for various values
of shear modulus.

From Fig. 6a it can be seen that the largest local amplitude ratio
for a given Reynolds number occurs for the rigid-wall case (i.e.,
infinite G,). As the shear modulus is reduced (and the level of
damping increased) the local amplitude ratio decreases uniformly
for all Reynolds numbers until a minimum is reached. The smallest
growths are found for the combination of G = 0.55 with y, = 0.05.
A further reduction in the shear modulus causes the local ampli-
tude to rise again. The reason for this is that the adverse effect on
the TSW of the relatively high damping necessary for the stabiliza-
tion of the TWF mode when the wall is very soft outweighs the
beneficial effect of increased compliance.

The results discussed above correspond to a fixed wall depth.
Provided that the wall depth is much greater than the longest TSW
wavelength of interest, the compliance will be identical to that of
an infinitely deep wall. A wall depth of d = 1.60 meets this crite-
rion. But also plotted in Fig. 6a is the maximum amplification
envelope for d = 0.80 with zero damping. If this curve is com-
pared with the curve corresponding to d = 1.60 with zero damping
(the solid line), it will be observed that the two curves coincide at
low Reynolds numbers where the TSW wavelengths are relatively
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Fig. 6 Results of ¢’ calculations for TSW over a single-layer compli-
ant wall. In each case the wall is stable with respect to TWF for all
Res,: a) Maximum amplification envelopes — — —, rigid wall; — - —,
G, =117,y,=0, d=160;— - — G, = 0.55, v, = 0.05, d = 1.60; —
——, G, =047,7,=0.1,d =1.60; — ——, G, =0.55,7,=0,d =0.80.
b) The variation of TDF with shear modulus.

small, but diverge at higher Reynolds numbers where the wave-
lengths are relatively large. It is also evident that, as expected,
greater transition delay is obtained using the thicker d = 1.60 wall,
the depth of which is effectively infinite.

Divergence instability must also be considered. In the case of
the single-layer compliant wall, use of Eq. (27) shows that diver-
gence onset does not occur until G = 0.5. The optimal value of G
found above is greater than this. The transition-delaying perfor-
mances of the above single-layer walls, based on the ¢’ criterion,
are summarized in Fig. 6b from which the maximum value of TDF
= 2.5 is found. Thus, for the best single-layer wall the onset of
transition occurs at a Reynolds number of 4300, as compared with
the rigid-wall value of 2700.

Optimization of the Double-Layer Wall

The double-layer wall is a much more complex case to optimize
because there is a larger number of wall parameters which can be
varied; thus, much greater computational effort is required. In
addition to varying the substrate parameters (discussed earlier for
the single-layer wall), the thickness, elastic modulus, and damping
of the upper-layer flexible plate can also be varied. In the folow-
ing it is assumed that the flow, substrate, and plate densities are
identical.

For a given upper layer, the asymptotic method discussed in
Sec. III is used to determine the variation of substrate damping
with shear modulus (for a given substrate depth) which is required
to postpone the onset of TWF until a prescribed Reynolds number

is reached. Typical results for four different upper layers are plot-
ted in Fig. 5. These double-layer results were obtained by finding
the wall properties which placed the critical Reynolds number for
TWEF at 3600. The divergence characteristics (which are indepen-
dent of damping) were also considered. Using Eq. (26), the values
of G corresponding to the onset of divergence were calculated
and are denoted by the thick vertical lines in Fig. 5. These are the
minimum permissible shear moduli for each wall configuration.
The local amplitudes of the TSW were calculated at points along
each curve of Fig. 5 excluding the regions where divergence
existed. Sample maximum amplification envelopes for three points
along one of the B , curves in Fig. 5 are presented in Fig. 7.

For low values of the Reynolds number (up to Reg. = 2200), the
local amplitudes of the TSW are almost identical to those of a rigid
wall. However, at higher Reynolds numbers, all three curves show
a reduction in amplitude compared to the rigid wall. The reason for
this Reynolds number dependence can be explained as follows.
Substituting the form of Eq. (3) into Eqgs. (10), it can be seen that
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Fig. 7 Maximum amplification envelopes for the TSW over double-
layer walls having a fixed upper layer with different substrate shear
moduli; in each case the wall is stable with respect to TWF up to Re;. =
3600: — - —, G, =0.787, gs = 0.002; — —, G, =0.574,7,=0.011; —
—, G, = 0.463, v, = 0.023. Other data: d = 1.80, B, = 0.01067, b =
0.1910, and v, = 0.
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Fig. 8 Effect of upper-layer stiffness on the maximum amplification
envelopes for TSW; in each case the wall is stable with respect to TWF
up to Reg, = 5700 and js marginally stable for divergence; d = 1.8 and
Ya = 0 throughout: DB, = 0.01067: G, = 0435, v, =0.0375,
E, = 55.6, b = 0.1200; G, =0.435,7,=0.0306, E, = 277.8, and

b =0.0702.2) B, = 0.02131: —— G, = 0.403, 7, = 0.0296, E,, = 1110,
b =0.1200; G, =0.403,v,=0.0264, E, = 277.8,and b = 0.0880.
3) B, =0.03200: — — G, = 0.380, v, = 0.0254, E, = 166.7, b = 0.1200;

G, = 0.380, 7, = 0.0254, E, = 277.8, and b = 0.0101.
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the normal and tangential stiffness contributions (arising from the
second terms on the right-hand sides of each equation) of the upper
layer are respectively proportional to ooib)® and c(oib). Now, for
a given Reynolds number, the value of the local amplitude is dic-
tated by the frequencies which are unstable for that Reynolds num-
ber. At low Reynolds numbers, the higher frequencies of the TSW,
where the wavenumber is large, determine the stability envelope.
Thus the upper layer, with the dependence mentioned above,
“appears” to be very stiff and behaves very much like the rigid
wall. However, at a higher Reynolds number, the frequencies of
the TSW instability become lower, giving lower wavenumbers and
hence a more compliant upper layer. At even higher Reynolds
numbers the local amplitudes once more show a rapid increase.
This is due to substrate effects. At the lower wavenumbers (associ-
ated with the high Reynolds numbers), the effective depth of the
substrate is smaller and the wall therefore appears relatively stiff.
This, then, explains the sigmoid shape of the instability envelopes
for the double-layer walls. Lastly, it is noted from Fig. 7 that, for a
given plate flexural rigidity, the lower values of the substrate shear
modulus give the lower growth rates of TSW. This suggests that,
when investigating the TSW for points in the v,-G, plane of
Fig. 5, the best compliant-wall perfomance for a given plate flex-
ural rigidity is found at the lower limit of G ; set by the divergence
instability.

‘Figure 8 shows the effect of the upper-layer stiffness on the
local amplitude of the TSW. Each result has been evaluated for the
combination of substrate damping and shear modulus which gives
the best performance regarding TSW and leaves the wall free from
TWEF and divergence up to a Reynolds number of 5750. Each pair
of lines corresponds to a single value of the plate flexural rigidity,
B ,. The differences between the individual lines forming a pair
stem from the manner in which B is constituted from the elastic
modulus and thickness of the plate [recall that B, = E b3/12(1—
V;)]. Note that for a smaller b (with commensurately hlgher p) @
lower substrate damping is required to suppress the TWF. This
reduced damping aids the reduction of TSW growth rates, but the
accompanying lower inertia of the upper layer exercises a deleteri-
ous effect on the TSW. However, it appears that these contrasting
effects nearly cancel each other. Thus, it is seen that the single
parameter, B ,, represents a good characterization of the upper-
layer properties. Nevertheless, for a given flexural rigidity it would
be marginally preferable to use a very thin plate with a very high
elastic modulus.

Tumning to the effect of the upper-layer flexural rigidity in Fig.
8, it is evident that the flexural rigidity dictates the value of the ini-
tial maximum in the local amplitude of the TSW growth rates. The
larger the flexural rigidity the larger the maximum. However, it is
also seen that the larger values of flexural rigidity give lower val-
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Fig.9 Effect of upper- layer damping, gp on the maximum ampllﬁca-
tion envelopes for TSW, d = 1.80 throughout for each v, the remain-
ing wall properties are optimised for maximum transition delay and
presented in Table 1: s Yp = 0.000;— - —, v, = 0.025; — — —,
¥p = 0.050; — —, vy, = 0.075.
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Fig. 10 Optimized double-layer walls: the effect of substrate thick-
ness; for each case the wall has been optimized (with respect to all the
other wall properties) such that TWF is stable up to the given (Re;,.),,
and has marginal stability for divergence: a) Maximum amplification
envelopes for TSW; for each case b = 0.12 and v, = 0.075: — — —, d
= 1.2, (Red” )y = 5200 with G, =0.329,v,=0. 0061 B, =0.01900; — —,
d = 1.8, (Red"),, = 5750 with G, = 0412, y, = 0.0152, B, = 0.01824; —
— d = 3.6, (Resy);, = 6000 with G, = 0477, 7, = 00153, B, =
0 01732 — - —,d = 5.4, (Res.),, = 5800 with G, = 0.491,y, = 0.0125,

B, = 0.01728 and b) transition-delay factor (TDF) vs wall thickness,
data as above.

ues of the local amplitude at higher Reynolds numbers. To avoid
transition, according to our conservative criterion the local maxi-
mum must not exceed an amphﬁcatlon ratio of ¢’. Therefore, the
optimal flexural r1g1d1ty is that for which the initial maximum
of the local amplitude is ¢’. This in turn yields the largest range
of Reynolds numbers in which the local amplitude does not ex-
ceed e’.

Figure 9 summarizes the effect of upper-layer damping. In an
analogous manner to Eq. (2), this can be introduced by setting £, =
Ep,?(l — 1Y), in Eqs. (10) where ¥, is the upper-layer dampmg cqef-
ficient. Each curve has been obtained by carrying out an optimiza-
tion procedure which, following the previous discussions, places
the local maximum of the TSW growth-rate envelope at ¢’ and
thus yields the maximum transition delay for the particular value
of damping (and substrate depth). Increasing the upper-layer
damping reduces the optimal value of the upper-layer flexural
rigidity, thereby increasing the substrate stiffness required to pre-
vent divergence, and consequently reducing the substrate damping
needed for postponing the critical Reynolds number for the TWF
to a value of 5750. The optimal properties of both upper and lower
layers, for each value of y,, are presented in Table 1. Following the
discussions above, the effect of the upper-layer stiffness can be
closely characterized by the single parameter B, (as shown in the
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Table 1 Optimal properties for a
double-layer wall with d = 1.8

Y» B, G, Ys
0.000  0.0239 0400  0.028
0025 00220 0400  0.023

0.050 0.0200 0.405 0.019
0.075 0.0181 0.412 0.015

table). Nevertheless, it is noted that to generate these values we
have used b = 0.1200.

Note that in Fig. 9, the overall performance of the compliant
wall is slightly improved by effectively locating as much of the
required damping in the upper rather than the lower layer. For this
wall depth, then, it is possible to attain a maximum transitional
Reynolds number of 5700.

In all of the above results we have been working with a fixed
wall thickness, d = 1.8. To determine the absolute maximum tran-
sitional delay achievable using a double-layer wall, all of the
above steps have been repeated for a set of different wall thick-
nesses. The results of this procedure are presented in Figs. 10a and
10b. It can be seen that the optimal nondimensional substrate
thickness is approximately 3, although there is little difference
between the values of 1.5-5. A very shallow substrate results in an
effectively stiffer wall for large Reynolds numbers. However, if
the wall is too deep, the prevention of divergence instability
demands a relatively high value of the substrate shear modulus.
The effective stiffness of the wall in these two extreme cases
accounts for the existence of an optimal wall thickness. As can be
seen from Fig. 10, it appears to be theoretically possible to delay
transition up to a Reynolds number of 6000. In terms of distance
along the wall, this represents a five-fold improvement on the per-
formance of a rigid wall. This is somewhat better than, but compa-
rable to, the best performance for the plate-spring compliant
wall.!126 Consequently the estimates made in Ref. 26 of drag coef-
ficients for various values of overall Reynolds number apply rea-
sonably well to the optimum double-layer walls.

V. Conclusions

A highly efficient method has been developed for the prediction
of Tollmien-Schlichting waves devéloping in a flate-plate bound-
ary layer over a compliant wall. Spectral methods are used to
obtain a matrix formulation of the coupled Orr-Sommerfeld/com-
pliant-wall eigenproblem which can be solved rapidly on an SIMD
parallel computer. The compliant wall may comprise either a sin-
gle viscoelastic layer or two viscoelastic layers in which a rela-
tively stiff, thin layer is supported by a much softer, thicker sub-
strate. The second type of wall holds much promise for the
postponement of transition and achieving drag reduction as evi-
denced by the successful experiments of Refs. 14-16. Methods for
the prediction of the hydroelastic instabilities, TWF and diver-
gence, which may occur in the wall/flow system are presented and
discussed. These methods have been especially tailored for the
particular instability and thus provide solutions extremely quickly.
All three methods of instability prediction have been used together
to carry out a wide parametric investigation of wall properties.
Both single- and double-layer walls have been optimized in order
to achieve maximum transition delay. The most important findings
from the investigation are as follows: v

1) For a single-layer compliant wall of sufficient thickness,
there exists an optimal combination of shear modulus and wall
damping. TWF is totally eliminated in this case. With this configu-
ration, transition can be delayed by a factor of 2.5 over the rigid-
wall result. The optimal performance is relatively insensitive to
changes in thickness away from the effectively infinite depth
value.

2) For both single- and double-layer walls, wall damping is
desirable for, although in itself detrimental to TSW suppression,
the reduction to the substrate stiffness that it permits (while main-
taining marginal stability for TWF) results in an overall benefit for
the reduction of TSW growth rates.

3) For double-layer walls, the optimum transition-delaying per-
formance of the compliant wall is largely insensitive to the loca-
tion of the wall damping, although the optimal structural parame-
ters of both upper and lower layers are weakly dependent on the
distribution of damping between the two layers. It appears to be
marginally more desirable to locate as much of the wall damping
as possible in the upper layer.

4) The key parameter for the upper-layer characterization is the
flexural rigidity. For a given flexural rigidity, different combina-
tions of elastic modulus and plate thickness have little effect on the
TSW growth-rate envelopes.

5) A stiff upper layer behaves like a rigid wall at low Reynolds
numbers but appears increasingly compliant at higher Reynolds
numbers. In contrast, for a wall of given thickness, the effective
compliance of the substrate decreases with increasing Reynolds
numbers.

6) In the case of double-layer walls there exists an optimal value
of the wall thickness. If this is used in combination with the opti-
mal values of all the other lower- and upper-layer wall properties,
then transition can be delayed by a factor of 5 times the rigid-wall
result. This is slightly better than the best performance predicted
for a plate-spring compliant wall.!126

The last item details the best performance that can be achieved
using a’ continuous isotropic double-layer compliant wall. Apart
from exploiting anisotropic wall compliance (following the prom-
ising results of Yeo!® and Carpenter and Morris,!! which may pose
manufacturing problems, improved performances may also be
achieved by designing an optimized multipanel wall. For plate-
spring compliant walls, this design strategy has been shown to be
successful.?® It is quite likely that similar results would be obtained
using the present two-layer walls. Moreover arrays of smaller
compliant panels have been shown to be significantly less suscep-
tible to hydroelastic instability than one large panel.*? This strat-
egy warrants further investigation. Further work towards the prac-
tical implementation of compliant walls should address such issues
as the influence of a mean pressure gradient on a coated body with
curvature and aspects of the receptivity problem. Lastly, it is now
known*®#? that for compliant walls with good transition-delaying
properties three-dimensional Tollmien-Schlichting waves grow
more rapidly than two-dimensional waves. It could, therefore, be
argued that the optimization procedure should be based on calcula-
tions of three-dimensional disturbances. This would be a daunting
prospect computationally. Fortunately, Joslin et al.*® have shown
that the two-dimensional e" calculations are not greatly in error
and that the dominance of three-dimensional waves can be almost
completely suppressed by using an orthotropic plate as the upper
layer.

Appendix
The interfacial boundary conditions, Egs. (9a and 9b), are

Apd+Apd +450"= 4y and Apd+A; ¢ +An ¢ =Ay,
where
Aoy = MO BriBsz — BsiB1)/® + U'0A, /B — TReg
Ay =By Bra — BaaBi)/®, Ay = — 1Reg,
Ay = pa BBy — B3ifn)/® + U'(1+ &D/®)
Ap =D+ ®/0 + 3i0/Reg;,

A32 = —l/(fiReg*)

D =ipuByuBar — BuPa)/®,  p=(BsBy — B3P

and where

Bu = G,120f,&; — @2+ f)E)

Bia= G U(@2+ f]) &y +2iBf, &)l
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Ba=G @2+ f)) 2 - &) - 2i0f,Ep,

Br == GL(@2+f)) &y — 200 1,2+ )]
Bu=10Q2 - &) +/8n  Ban=-ily - fiQ2+8&)

Bar=fifu+it€y,,  Byp=f8n — itEy

2id .
&11—1+ fzf: —2f, , = _2‘0‘f1 G AL
“JiJe _flft
o+ f.f
Ga=-1+ 3 ek En= §12f
- lft :
fi=@% = Cp®YGH'?, =182 - Cpp@d (K, +4G 372

The term U’ is the derivative of the Blasius velocity profile evalu-
ated at the undisturbed interface z = 0 and C,,, is the relative den-
sity of the substrate. Working from Egs. (10a) and (10b), appropri-
ate expressions for the stress contribution due to the thin upper
layerat z =0 are

b = P
Ay = —1’6 (E,5’~C,, %) (¢" + U6/ @)

Apy=— % (0B b’ -C,, 58" ¢

where E B_, b,and C,, are, respectively, the elastic modulus,
flexural ngxdrty, thickness, and relative density of the plate. In all
of the preceding calculations, the densities of the three media have
been taken to be identical. The terms U’ and ¢ are evaluated at z =
0 in the preceding expressions.
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